In this work, connected cubic planar bipartite graphs and related binary self-dual codes are studied. Binary self-dual codes of length 16 are obtained by face-vertex incidence matrices of these graphs. By considering their lifts to the ring R 2 new extremal binary self-dual codes of lengths 64 are constructed as Gray images. More precisely, we construct 15 new codes of length 64. Moreover, 10 new codes of length 66 were obtained by applying a building-up construction to the binary codes. Codes with these weight enumerators are constructed for the first time in the literature. The results are tabulated.
Introduction
Self-dual codes are connected to areas such as design theory, graph theory and lattices. Therefore they form an interesting family of linear codes. Such codes have been studied extensively especially the ones over the binary alphabet. [24, 12, 8] 2 extended binary Golay code and [48, 24, 12] 2 extended quadratic residue code are celebrated examples of this type. An upper bound for the minimum distance of a binary self-dual code was given in [2] . That was finalized in [19] as follows; the minimum distance d of a binary self-dual code of length n satisfies d ≤ 4 [n/24] + 6 if n ≡ 22 (mod 24) and d ≤ 4 [n/24] + 4, otherwise. A self-dual code is said to be extremal if it meets the bound. Since the appearance of [2, 5, 19] construction and classification of extremal binary self-dual codes have been a captivating research area.
The existence of extremal binary self-dual codes are open problems for various lengths. The most famous of these is the existence of doubly-even [72, 36, 16] 2 selfdual code. The possible weight enumerators of extremal self-dual binary codes of lengths up to 64 and 72 were determined in [2] . The weight enumerators for the remaining lengths up to 100 were characterized in [5] . Different techniques such as circulant constructions, Hadamard matrices, automorphism groups and extensions are used to obtain new extremal binary self-dual codes. [8] is a survey on selfdual codes over different alphabets. We refer the reader to [4, 5, 15, 12] for more information in this direction.
In recent years, new binary self-dual codes have been constructed as Gray images of self-dual codes over some rings of characteristic 2. Four circulant construction was applied to the ring F 2 + uF 2 in [9] . F 4 + uF 4 -lifts of self-dual quaternary codes were considered in [13] . The ring F 2 + uF 2 + vF 2 + uvF 2 were used in [11, 15] . In [10] , Karadeniz and Yildiz obtained self-dual codes as lifts of [8, 4, 4] 2 extended binary Hamming code to the ring R 3 which is of size 2 8 .
On the other hand, codes can be obtained from some special graphs by considering their incidence or adjacency matrices. See [3, 17, 18] .
The possible weight enumerators of extremal singly-even [64, 32, 12] 2 codes were determined in [2] as:
The existence of the codes is unknown for the most of the β values. Recently, codes with β =25, 59 and 74 in W 64,1 are constructed in [15] by a bordered four circulant construction. Ten new codes with weight enumerators in W 64,2 were obtained in [10] . Together with these, codes exist with weight enumerators for β =14, 18, 22, 25, 29, 32, 36, 39, 44, 46, 53, 59, 60, 64 and 74 in W 64,1 and for β =0, 1, 2, 4, 5, 6, 8, 9, 10, 12, 13, 14, 16, 17, 18, 20, 21, 22, 23, 24, 25, 28, 29, 30, 32, 33, 36, 37, 38, 40, 41, 44, 48, 51, 52, 56, 58, 64, 72, 80, 88, 96, 104, 108, 112, 114, 118, 120 and 184 in W 64,2 .
In this work, we obtain fifteen new extremal binary self-dual codes of length 64. The codes with these weight enumerators are constructed for the first time in the literature. More precisely, the codes with weight enumerators for β =16, 20, 24, 26, 28, 30, 34 and 38 in W 64,1 ; β =3, 7, 11, 15, 26, 27 and 35 in W 64,2 are discovered.
The rest of the work is organized as follows; Section 2 is devoted to the preliminaries on codes and graphs, bicubic planar graphs and related binary codes have been studied in Section 3. In Section 4, we consider R 2 -lifts of the codes generated by the face-vertex incidence matrices of connected bicubic planar graphs. As Gray images of these codes extremal binary self-dual codes of length 64 are constructed. Section 5 is devoted to the extensions of the new codes of length 64. We were able to obtain ten new extremal binary self-dual codes of length 66. MAGMA computational algebra system [1] have been used for computational results. Section 6 concludes the paper with potential lines of research.
Preliminaries
The ring R 2 = F 2 + uF 2 + vF 2 + uvF 2 was introduced in [20] as a generalization of F 2 + uF 2 . The ring is a commutative local Frobenius ring of characteristic 2 and size 16 that is defined via the restrictions u 2 = 0 = v 2 and uv = vu. The following isomorphism follows by the definition
Let R denote a commutative Frobenius ring. A linear code C of length n over R is an-R submodule of R n . The Euclidean dual C ⊥ of the code C is defined with respect to the standard inner product as
A code C is said to be self-orthogonal if C ⊆ C ⊥ , and self-dual if C = C ⊥ . A binary self-dual code is called Type II (doubly-even) if the weight of any codeword is divisible by 4 and Type I (singly-even) otherwise.
In [20] an orthogonality preserving Gray map from R n 2 into F 4n 2 was given as follows:
φ(ā + ub + vc + uvd) = (d,c +d,b +d,ā +b +c +d), whereā,b,c,d ∈ F n 2 . Generator matrices in a special form could be used for lifts. For more details about the ring R 2 and lifting a binary code to R 2 we refer to [6, 10, 20, 11, 15] .
A graph G = (V, E) is an incidence structure where V and E are vertices and edges, respectively. A graph that can be drawn without crossings in the plane is called planar. A graph is said to be bipartite if a partition of the vertex set V into
The graph G is called simple if it is free of loops and multi-edges. In a simple graph, the degree of a vertex w denoted by deg (w) is the number of edges incident with w. A graph is called k-regular when every vertex has degree k. A 3-regular graph is said to be cubic. A bicubic graph is both bipartite and cubic. If there is a path between every pair of vertices than it is said to be connected.
Bicubic planar graphs and binary self-dual codes
In this section, we consider connected bicubic planar graphs and related self-dual codes. With respect to [17] any cubic planar graph could be used to construct selforthogonal codes but we focus on the following result for bipartite graphs which gives self-dual codes.
Theorem 3.1. [17] Let G be a connected cubic planar bipartite graph with vertex set {1, 2, . . . , n} and face-vertex incidence matrix D. Let f 1 , f 2 be any two faces of G of different colours in a 3-face coloring of G. If we delete the rows corresponding to f 1 and f 2 from D, the resulting matrix is a generator matrix for a self-dual code of length n. Moreover, this code is independent of the choice of faces f 1 , f 2 .
The extended binary Hamming code of length 8 is obtained from the face-vertex incidence matrix of the cube in the following example:
Obviously, the faces f 5 and f 6 will have diffterent colors in a 3-face coloring of the cube. Hence, by Theorem 3.1 the following submatrix of the face-vertex incidence matrix of the graph generates a self-dual code.
The code is the extended binary Hamming code of parameters [8, 4, 4] 2 . When we express the matrix in standard form, we observe that it is a lift-ready matrix in the form; 
In [10] , lifts of the extended binary Hamming code to the ring R 3 have been studied in detail, where
They were able to obtain ten new extremal binary self-dual codes with weight enumerators in W 64,2 .
In the following we give an example that is obtained by combining two cycles of length 8. That is the graph E16 in [18] . Figure 1 . Let C be the code generated by the face-vertex incidence matrix of the graph. Then, C is a self-dual binary code of length 16 by Theorem 3.1. A generator matrix in standard form is 
The code C is a self-dual Type II code of parameters [16, 8, 4] 2 with an automorphism group of order 2 14 3 2 5×7 and weight distribution 1+28z 4 +198z 8 +28z 12 +z 16 .
Lifts of self-dual graph codes
Lifts of the binary self-dual codes related to some bicubic planar graphs on 16 vertices have been considered in this section. F 2 + uF 2 -lifts of four circulant binary self-dual codes of length 32 have been studied in [9] . Lifting quaternary codes to F 4 + uF 4 have been used in [13] . For more research in this direction we refer the reader to [9, 10, 11, 13, 15, 16] . The binary self-dual codes obtained from facevertex incidence matrix of connected bicubic planar graphs is in good shape which is suitable for lifting. In this section, by considering binary images of R 2 -lifts of graph codes we obtain 15 new extremal binary self-dual Type I codes of length 64. The existence of extremal self-dual codes of length 64 with these weight enumerators was previosly unknown.
We need a brief representation for the elements of the ring R 2 in order to tabulate the results. We prefer to use hexadecimals. The correspondence between the binary 4 tuples and the hexadecimals is as follows: 0 ↔ 0000, 1 ↔ 0001, 2 ↔ 0010, 3 ↔ 0011, 4 ↔ 0100, 5 ↔ 0101, 6 ↔ 0110, 7 ↔ 0111,
The ordered basis {uv, v, u, 1} is used to express elements of R 2 For instance, 1+u+v is represented as 0111 which corresponds to hexadecimal 7. 
Let K 1 be the code over R 2 generated by [I 8 |K 1 ] then its Gray image φ (K 1 ) is a self-dual Type I [64, 32, 12] 2 -code with weight enumerator for β = 20 in W 64,1 . This the first example of an extremal Type I code of length 64 with this weight enumerator.
As lifts of C we were able to obtain five new extremal binary self-dual Type I codes. We were able to construct codes with weight enumerators β = 20, 24, 26 and 30 in W 64,1 ; β = 26 in W 64,2 . The codes are given below in Table 1 . In order to save space only the upper triangular parts of the matrices are given since the rest is determined by orthogonality relations.
Remark 4.2. The extremal binary self-dual codes in Table 1 are constructed by considering the binary image φ (K i ) where K i is the code of length 16 over R 2 that is generated by [I 8 |K i ]. Let us recall the graph F16 from [18] which is a connected bicubic planar graph. Its face-vertex incidence matrix leads to a Type I self-dual code of length 16: The Figure 2 is a connected biqubic planar graph. So, by Theorem 3.1 the face-vertex incidence matrix of G 2 generates a self-dual binary code D. The code is Type I with parameters [16, 8, 4] 2 . The generator matrix in standard form is [I 8 |A 2 ]where: Remark 4.3. The binary codes in Table 2 are constructed as the Gray image φ (L i ) where L i is the code of length 16 over R 2 that is generated by
The β parameters of the codes in Table 1 reoccurs in Table 2 . We see that the corresponding codes are not equivalent when we check the invariants. If two extremal binary self-dual Type I codes of length 64 have the same weight enumerator, then for each code let c 1 , c 2 , . . . , c N be the codewords of weight 12. Let A j = |{(c k , c l ) | d (c k , c l ) = j, k < l}| where d is the Hamming distance. A 12 is invariant under a permutation of the coordinates. Hence, two codes are inequivalent if their A 12 -values are not equal. Those are given in Table 3 which indicates that the corresponding codes are not equivalent. Remark 4.5. The codes in Table 1 and Table 2 have an automorphism group of order 2 2 . The R 2 and binary generator matrices of these are available online at [14] . We also note that the symmetry in the graphs G 1 and G 2 emerge in the standard forms of the generator matrices of the corresponding binary self-dual codes.
New binary self-dual codes of length 66 as extensions
Building-up construction which is also known as extension in the literature is an efficient method to construct self-dual codes from shorther ones. We refer to [12, 7] for different versions of the construction. Such methods have been effectively used recently in [9, 11, 13, 15, 16 ] to obtain new self-dual codes of lenghts 58, 66 and 68. In this section, we apply the following extension method to the codes in Section 4. As a result of this, 10 new extremal binary self-dual codes of length 66 are obtained.
Theorem 5.1. ( [7] ) Let C be a self-dual code over R of length n and G = (r i ) be a k × n generator matrix for C, where r i is the i-th row of G, 1 ≤ i ≤ k. Let c be a unit in R such that c 2 = 1 and X be a vector in R n with X, X = 1. Let [9, 13, 16 ]. More precisely, 5 new codes are obtained in [9] , 24 new codes in [13] and 11 new codes in [16] . Together with these, the existence of such codes is known for β =0, 1, 2, 3, 5, 6, 8, . . . ,11, 14, . . . ,56, 59, . . . ,69, 71, . . . , 90, 92, 94 and 100 in W 66,1 .
We construct the codes with weight enumerators β =13 and 57 in W 66,1 . Most recently, 14 codes were discovered in [15] by applying the building-up construction to the binary images of modified four-circulant codes of length 16 Table 4 are available online at [14] . The codes all have an automorphism group of order 2.
Theorem 5.3. The existence of extremal binary self-dual codes of length 66 is known for 89 parameters in W 66,1 ; 64 parameters in W 66,3 .
Conclusion
The codes obtained by considering face-vertex incidence matrices of bicubic planar graphs have a nice structure. In this work, we considered two such graphs on 16 vertices. New extremal binary self-dual codes of length 64 obtained as the Gray images of R 2 -lifts of face-vertex incidence matrices of the graphs. Such methods can be applied to different bicubic planar graphs and lifts can be considered over various rings. Another possible research area is to generalize Oral's work to a larger family of planar graphs.
